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A particularly rich class of integrable systems arises from the AdS/CFT duality. There, the two-
dimensional quantum field theory living on the string worldsheet may be understood in terms of a
non-relativistic factorized S matrix, and the energy spectrum may be derived by techniques such as
the mirror thermodynamic Bethe ansatz or the quantum spectral curve. In the case of AdS3/CFT2
without Ramond-Ramond fluxes, the worldhseet theory is a Wess-Zumino-Witten model with con-
tinous and discrete representations which, for the lowest allowed level, is dual to the symmetric
product orbifold of a free theory. I will show how continuous representations may arise from integ-
rability, and that at lowest level the Bethe equations yield the symmetric product orbifold partition
function on the nose.
PACS numbers: 02.30.Ik, 11.25.Hf, 11.30.Na, 11.55.Bq
Introduction. Exactly-solvable models play a crucial
role in theoretical physics. In the quantum world, they
arise in low dimension: Integrable spin-chains, lattice
models, two-dimensional conformal field theories (CFTs)
and integrable quantum field theories (IQFTs). Such
models have infinite-dimensional symmetries which char-
acterise them entirely. A prototypical century-old ex-
ample is the Heisenberg spin chain solved by Bethe [1].
The Bethe ansatz, as it is now known, assumes that wave-
functions are given by a superposition of plane waves,
characterised by a discrete set of excitation numbers,
and that the energy is an additive functional thereof.
Over the years, the approach was put on firmer ground
(the algebraic Bethe ansatz, see e.g. Ref. [2]) and exten-
ded to other setups, most strikingly to IQFTs, see e.g.
Refs. [3, 4] for an introduction. While strictly speak-
ing QFTs do not admit wavefunctions, IQFTs feature no
macroscopic particle production and this, together with
the factorization of their S matrix, makes them tract-
able [5]. Still, the Bethe ansatz is only approximate in
that case, due to finite-volume “wrapping” effects [6, 7].
These can be accounted for by exploiting the thermo-
dynamic Bethe ansatz [8, 9], originally developed to
study finite-temperature rather than finite-volume phys-
ics [10]. (As one needs to exchange space and time, this
is often called the mirror thermodynamic Bethe ansatz,
mTBA [11].) A somewhat orthogonal approach to exact
solvability arises in CFT, see e.g. Ref. [12]: There, one
does not consider particles, but instead focuses on the
representations of the Virasoro algebra and of other cur-
rent algebras. In some cases, this is enough to construct
the whole spectrum of the theory and possibly its correl-
ators. Physically, one would expect these two approaches
to be related as IQFTs may arise from perturbing a CFT
by a relevant (or irrelevant [13, 14]) operator. Mathem-
atically the relationship is not straightforward and still
not completely understood, see e.g. Refs. [15–20].
The aim of this letter is to explore and relate various
exactly-solvable models arising from a special instance
of the AdSd+1/CFTd correspondence [21–23] between
strings on (d + 1)-dimensional anti-De Sitter space and
d-dimensional CFTs. It is by now well-known that
rich non-relativistic integrable models may live on the
two-dimensional string worldsheet (and equivalently in a
large-Nc limit of the dual CFT [24]), see Refs. [25, 26] for
reviews. I will focus to d = 2, where the dual CFT is also
two-dimensional. As it turns out [21], the string theory
may feature a mixture of Neveu-Schwarz-Neveu-Schwarz
(NSNS) and Ramond-Ramond (RR) fluxes. All these
setups are classically integrable [27, 28] and can support
a factorized integrable S matrix [29–33], see Ref. [34]
for a review. Here I will mostly restrict to the case of
pure-NSNS fluxes. Here, and only here, a simple world-
sheet CFT description also exists, featuring a (super-
symmetric) sl(2,R)k Wess-Zumino-Witten model [35–37]
in the Ramond-Neveu-Schwarz formalism. Correspond-
ingly, the integrable structure drastically simplifies and
the mTBA can be solved in closed form [38, 39]. Fur-
thermore, for the lowest allowed level k = 1, the dual
CFT2 is also known [40–42]: It is the symmetric-product
orbifold CFT of T4, SymNcT 4, obtained from quotient-
ing by the symmetric group SNc the free theory of four
Bosons and Fermions, at large-Nc [43]. Such interplay
of symmetries and exact techniques makes this a prime
playground to explore holography and discover new links
between its underlying mathematical structures. In this
letter I will first briefly review the integrable S matrix for
the AdS3 × S
3 × T4 string sigma model, then specialize
to the pure-NSNS case. There I shall highlight a new
class of exceptional solutions of the Bethe equations re-
lated to the long-string continuum [35]. At k = 1, I shall
show that they yield a discrete spectrum and match it to
SymNcT 4.
2Worldsheet integrability. I begin by summarising the
main features of the integrable structure arising from the
worldsheet theory in uniform light-cone gauge [44–46] for
AdS3×S
3×T4 strings, see also [34]. The global symmet-
ries psu(1, 1|2)L ⊕ psu(1, 1|2)R are broken by the gauge-
fixing to an algebra containing half of the supercharges,
(i, j = 1, 2)
{
Qi, Sj
}
= δij h ,
{
Qi, Q˜j
}
= δij c ,{
Q˜i, S˜
j
}
= δji h˜ ,
{
Si, S˜
j
}
= δji c
†.
(1)
Here h is the combination of the su(1, 1)L Cartan ele-
ment L0 with the su(2)L Cartan J
3 that yields the
psu(1, 1|2)L BPS bound: h ≡ L0 − J
3 ≥ 0. Similar
formulae hold for the elements of psu(1, 1|2)R which I
write with tildes. More interesting are the central exten-
sions c, c† [29, 47] which couple the left and right gener-
ators and play a role similar to Beisert’s central exten-
sion [48, 49]. As it turns out [50], on a state of worldsheet
momentum p we have that c ≈ c† ≈ h sin(p/2), where h
is the amount of RR flux characterising the background.
Importantly, c = c† = 0 for physical states satisfying
p = 0mod(2π) as well as for pure-NSNS backgrounds.
Particle content. All particles of the theory trans-
form in short (i.e., supersymmetric) representations of
the algebra (1) and contain two Bosons and two Fermi-
ons [47, 50]. The shortening condition reads [29]
h h˜ = c c† . (2)
Let me introduce the total energy H ≡ h + h˜, as well
as the orthogonal combination M ≡ h − h˜. The former
is the positive-semidefinite lightcone energy of a world-
sheet particle, while the latter is the sum of AdS3 and
S3 spins and is quantized. Then, evaluating Eq. (2) on a
representation yields the dispersion relation [31, 51]
H(p) =
√( k
2π
p−m
)2
+ 4h2 sin2
p
2
, m ∈ Z . (3)
Here h ≥ 0 is the RR-flux strength, k ∈ Z≥ is the NSNS-
flux strength (i.e., the WZW level), while p,m character-
ize each particle: p ∈ R is its worldsheet momentum, and
m ∈ Z is the bound-state number labelling each represent-
ation. More specifically: m = 0 describes two representa-
tions related to T4 modes;m = 1 gives one representation
related to “left” AdS3 × S
3 transverse modes and each
m ≥ 2 describes bound states of left modes [52]; simil-
arly, for each m = −1,−2, . . . there is one representation
describing “right” modes or their bound states [53]. The
zero-modes at m = p = 0 signal symmetries: For Fermi-
ons, they yield a Clifford module of BPS states [54]. For
Bosons, they seemingly yield an infinite degeneracy as
one could add arbitrarily many of them without affect-
ing energies. More precisely, they highlight the existence
of a shift isometry and (exactly as for the free Boson)
they are not part of the spectrum, while the degener-
acy is accounted for by an additional label — the T4
momentum. The knowledge of these representations is
sufficient to construct the factorized S matrix for gen-
eric h, k, see Refs. [31, 50]. Henceforth I will consider
pure-NSNS theories, i.e. h = 0.
Pure-NSNS theories. At h = 0 the theory becomes
chiral: excitations move either to the left or to the right
on the worldsheet at lightspeed c = ±k/2π,
H(p) =
∣∣∣ k
2π
p−m
∣∣∣ , m ∈ Z . (4)
Let me call excitations with c = +k/2π (respectively, c =
−k/2π) chiral (respectively, antichiral). The S matrix is
diagonal
S(p1, p2) = e
iΦ(p1,p2) 1 , (5)
and the phase-delay takes the Dray-’t Hooft form [55],
Φ(p1, p2) =


− k2pip1p2 p1 chiral, p2 antichiral,
+ k2pip1p2 p2 chiral, p1 antichiral,
0 else,
(6)
similarly to flat-space strings [56]. Owing to this, it is
possible to solve the Bethe ansatz [38] as well as the
mTBA [39] in closed form. Let me briefly review the
solution of the Bethe ansatz. Firstly, I introduce the
notation µi ≡ µ(pj) ≡ mj sgn(
k
2pipj +mj). One can then
verify that (using subscript indices as a short-hand)
Φjk =
1
2
(
pjHk − pkHj
)
−
1
2
(
pjµk − pkµj
)
, (7)
and the Bethe ansatz reads eipjR+i
∑
k Φjk = 1. Re-
call now the level-matching condition P ≡
∑
k pk = 0
mod(2π). For simplicity, I take P = 0 (the general case
is analogous [39]):
pj =
2πnj
Reff
, 0 ≤ pj < Reff , Reff = R+
H − µ
2
, (8)
where H ≡
∑
kHk and µ =
∑
k µk. [57] On the other
hand, using the dispersion (4) and H ≡
∑
kHk I get
H =
k
2π
(
P (+) − P (−)
)
+ µ =
k
π
P (+) + µ , (9)
where I defined the sum of the momenta of the chiral (re-
spectively, antichiral) excitations as P (+) (respectively,
P (−)) and used P = P (+) + P (−) = 0. I introduce
N (+) ≡
∑chiral
j nj for the sum of chiral excitation num-
bers (and N (−) for antichiral ones). Taking the sum of
Eq. (8) and plugging it in Eq. (9), I obtain a quadratic
equation in H − µ whose physical solution is
H =
√
R2 + 2k(N (+) +N (−))− R+ µ . (10)
As shown in Ref. [39], Eq. (10) remains correct even when
all finite-size (“wrapping”) effects are included, for in-
stance by means of the mTBA.
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Figure 1. The dispersion relation for different bound-state
numbers (m = 0, 1, 2, 3) when momenta are quantized as in
Eq. (11). Left: at k = 1 all energy levels are identified modw.
Right: at k = 3 there are three distinct trajectories modw
and new zero-modes appear.
New zero-energy excitations. From the dispersion (4)
it is in principle possible to have excitations with pj 6= 0
but with zero energy, Hj = 0. This can only happen for
special values of Reff. At the price of constraining R, let
me set Reff =W ∈ Z>. Then Eq. (8) becomes
pj =
2πnj
W
, nj ∈ {0, 1, . . . ,W − 1} . (11)
A zero-mode appears formj = 1 if nj =W/k, which may
happen when W = wk with w ∈ Z>. In this case, for
any k ≥ 2 we encounter a novel zero-mode to which we
can associate a novel continuous momentum t. Let me
emphasize that this momentum mode is entirely distinct
from those related to the T4 directions (which appear for
p = m = 0). The energy is then
k ≥ 2 : H =
N (+) +N (−)
w
+ µ+ t2, t ∈ R, (12)
where I added the energy due to t, supplemented by the
level-matching condition
P = 0mod(2π) , i.e. N (+) = N (−)mod(kw) . (13)
I will argue below that Eq. (12) describes the continuous
representations (long strings) in the WZW model.
The case k = 1. Note that Eq. (12) fails at k = 1.
Indeed in that case it cannot be nj = w = W due to
Eq. (11), and therefore no continuum arises. As the
Bethe equations (11) are essentially free, I can write a
partition function. In Figure 1, I highlighted another
unique feature of k = 1: All bound-state energies fall
on the same trajectory when we identify the mode num-
bers modw. For the purpose of counting energy levels,
bound-state representations effectively are equivalent to
fundamental-particle representations with higher mode
number — somewhat like covering a length-w circle with
a line. Then the partition function for chiral modes at
fixed w ∈ Z> is
Fw(q) = 4
w−1∏
n=1
(1 + qn/w)4
(1− qn/w)4
∞∏
m=1
w−1∏
n=0
(1 + qm+n/w)4
(1 − qm+n/w)4
,
(14)
where q is the chemical potential for h and I ex-
cluded the Boson zero-modes (but kept the Fermion ones
yielding a fourfold degeneracy). For antichiral modes
and h˜, I have Fw(q˜) so that in total the partition is
given by Fw(q)Fw(q˜), subject to the level-matching con-
straint (13). The complete spectrum arises when consid-
ering all w ∈ Z>. In order to understand the physical
meaning of this construction it is worth comparing with
the insights gathered from CFT techniques.
WZW description. One may study the worldsheet
theory as a supersymmetric sl(2)k ⊕ su(2)k WZW model
(strictly speaking, for k ≥ 2) supplemented by free
Fermions and free Bosons [35–37]. In that case, one
finds that Eq. (10) reproduces the states emerging from
discrete representations of sl(2)k provided that various
quantities are opportunely identified [39]. States may
come from discrete-series representations (possibly, spec-
trally flowed) or in spectrally-flowed continuous repres-
entations [35]. Consider e.g. a highest-weight state of
the Kacˇ-Moody algebras with sl(2) charge ℓ0 and su(2)
charge j0 in the NS sector, and act on that state with os-
cillators corresponding to the Kacˇ-Moody currents and to
the free fields. The resulting state will be physical if the
level-zero generator of the worldsheet Virasoro algebra
annihilates it. The eigenvalue equation follows from the
Sugawara construction: for a highest-weight representa-
tion,
−
ℓ0(ℓ0 − 1)
k
+
j0(j0 + 1)
k
+ N = 0 , (15)
where N is the collective (chiral) mode-number. As N
and j0 are quantized, (15) is an equation for ℓ0. Know-
ing ℓ0, h follows, and the total H comes from adding the
antichiral sector and minding the level-matching condi-
tion, thereby reproducing (10). In particular this requires
identifying [39]
Reff = ℓ0 + j0 , N
(+) = N , N (−) = N˜ . (16)
For discrete representations, unitarity bounds restrict the
allowed values of ℓ0 and j0 [35]. For a “spectrally flowed”
representation labelled by w ∈ Z>, one has that ℓ0 + j0
lies in infinitely many disconnected intervals,
wk +
1
2
< ℓ0 + j0 < (w + 1)k −
1
2
. (17)
Therefore, Reff = wk lies outside of the unitarity bounds
for the discrete representations. However, precisely at
these points we find the continuous representation [35],
which is consistent with the above appearance of Bosonic
zero-modes, cf. Eq. (12). Indeed the energy for continu-
ous representations takes the form (12) up to a constant
shift [35, 58].
Symmetric product orbifold CFT. The WZW descrip-
tion is plagued by unitarity issues at k = 1, which require
4a more careful analysis [40–42]. Following such an ana-
lysis it was argued that, precisely at k = 1, the theory
should become equivalent to a dual symmetric product
orbifold SymNcT4. Let me focus on this theory to show
that it matches the partition function (14). States are
labeled by conjugacy classes of SNc . I restrict to large
Nc, as usual for the AdS/CFT spectral problem, so that
conjugacy classes are in one-to-one correspondence with
arbitrary products of disjoint cycles. I further restrict to
single-cycle states of length w ∈ Z>. (Akin to single-
trace operators in gauge theory, or single-particle states
in supergravity.) I denote a w-cycle by |σw〉. Its energy
depends on whether w is even or odd [41]:
L0|σw〉 = L˜0|σw〉 =
w2 − sin2(pi2w)
4w
|σw〉 . (18)
Its su(2) charges vanish, J3|σw〉 = J˜
3|σw〉 = 0. On this
state one acts with fractionally-moded Bosons αiI
−n/w,
and Fermions ψaI
−n′/(2w), ψ˜
a˜I
−n′/(2w), the latter carrying
half-unit of su(2)L and su(2)R R-charge, respectively.
Here n′ is odd or even depending on whether w is odd
or even, respectively. Despite being the lightest state
with respect to sl(2), |σw〉 is an excited state for H (ex-
cept for the trivial w = 1 cycle). It is convenient to
construct a BPS reference state |Σw〉. This is obtained
from σw by filling a Fermi sea with H ≤ 0 Fermion-
modes [59]. I briefly review this construction. For odd w
I add precisely w Fermion modes with J3 charge 1/2.
Starting from the lightest, I add two modes (recall the
index I = 1, 2) with n′ = 1, then two with n′ = 3, etc.,
until n′ = w−2, for a total of (w−1) oscillators, all with
h < 0. Finally I add one single oscillator with n′ = w
(and h = 0) obtaining precisely w oscillators; doing the
same for antichiral oscillators I obtain a singlet under
the auxiliary su(2)I . For even w, I pick the Ramond va-
cuum to have R-charge +1/2; then I pick two oscillators
with n′ = 2, 4, . . . , (w − 2) and finally a single one with
n′ = w, for a grand total of (w−1) oscillators. For either
parity, using (18) I get
J3|Σw〉 = J˜
3|Σw〉 =
w
2
|Σw〉 , H|Σw〉 = 0 , (19)
all other charges vanishing. This BPS state is the ana-
logue of the Reff = w spin-chain vacuum described above.
Starting from |Σw〉, one may only act with oscillators
which never decrease h or h˜. For chiral excitations, there
are four Bosons, with modes contributing nj/w to h with
n ≥ 1; the Fermions are also four, and they too contrib-
ute nj/w with nj ≥ 1 when both their R-charges and
the shift in nj due to the Fermi sea are accounted for.
Finally, a careful analysis of the Fermi sea shows that
there are two Fermion zero-modes. This precisely yields
Fw(q) as in Eq. (14). The constructions for antichiral
excitations is analogous. Finally, one must impose the
orbifold-invariance condition
∑
j nj =
∑
j n˜j modw, pre-
cisely reproducing the level-matching condition (13).
Conclusions and outlook. I argued that the Bethe
equations of Refs. [38, 39] display a long-string continuum
for k ≥ 2 and that at k = 1 they yield a discrete
spectrum, matching the single-cycle partition function
of SymNcT4. All these features rely on the absence of
RR-fluxes: Even a tiny h > 0 would spoil the chirality of
Eq. (3). Indeed the long-string spectrum must disappear
at h > 0 [35, 60] but little more is known about mixed-
flux theories, as CFT techniques show limitations; I hope
that this integrability treatment may, in time, prove help-
ful to understand them. For k ≥ 2, Eq. (12) predicts a
continuum but no gap from the BPS bound, unlike the
CFT result [35, 58]. The gap might arise from finite-
volume effects related to the new zero modes, similar to
Ref. [61]. It would therefore be interesting to perform a
full mTBA analysis at k ≥ 2.
Intriguingly, unlike for higher-dimensional AdS/CFT,
this spectrum is described by algebraic equations. Tech-
nically, this is because wrapping may at most shift of the
ground-state [62]. Physically, this suggests the existence
of an underlying quantum-mechanical description, whose
Hilbert space and Hamiltonian would be extremely in-
teresting to discover. It is tempting to imagine some
spin-chain, but at least at k ≥ 2 the S matrix (6) points
to non-local interactions as discussed in Ref. [63]. Still,
k = 1 might be simpler. The Hamiltonian would also the
best tool to compute correlation functions (see Refs. [64–
66] for recent progress by CFT techniques), but pos-
sibly those might also be tackled by hexagon tessellations.
(In AdS5/CFT4, these yield three- [67] and higher-point
functions [68, 69] as well as non-planar ones [70, 71].) Fi-
nally, one could extend this analysis to AdS3×S
3×S3×S1
which possesses many of the features seen here, both from
the CFT [72] and integrability viewpoint [62].
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